Vibration reduction in a harmonically excited 1-DOF beam with one-sided spring is realized by forcing the system from a long-term stable subharmonic response towards a coexisting unstable harmonic response of lower vibration amplitude using feedback linearization. The control effort can be kept small once the unstable harmonic response is stabilized, because this response is a natural solution of the uncontrolled system. To reduce control effort, the approximated stable manifold is used to determine the desired trajectory for control, because at the stable manifold, the system state evolves towards the unstable harmonic response without control effort. The stable manifold is approximated using the stable eigenvectors of the monodromy matrix. Due to the local validity of the approximation, a two-stage control strategy is implemented. In the first stage, the system state is controlled directly towards the unstable harmonic response, to reach the region where the stable manifold can be approximated accurately by the stable eigenvectors. In the second stage, the system state is controlled towards the stable eigenvectors, and evolves towards the unstable harmonic response with hardly any control effort.
Introduction
Active vibration control can be effective in reducing the amount of wear, damage, and noise, occurring in harmonically excited nonlinear mechanical systems such as suspension bridges [l] , ships colliding at fenders, or rattling gears, due to coexisting long-term responses at certain frequency ranges. Among these responses there always exists a harmonic response that is the most favorable with respect to vibration amplitude. However, if the harmonic response is unstable, the system will have a long-term response with higher vibration amplitude and non-harmonic frequency. Our objective is to stabilize the unstable harmonic response to achieve vibration amplitude reduction, while keeping the con-0-7803-4247-X/97/ $10.00 @ 1997 I EEE trol effort small due to the fact that two characteristics of the uncontrolled system are exploited. First, the unstable harmonic response is a natural solution, so no control &ort is needed once it is stabilized. Second, there exists an invariant manifold, the so-called stable manifold, that leads to the unstable harmonic response without control effort.
Much research has been done for the control of longterm chaotic response [2] . However, long-term chaotic response is not always encountered in real-life applications due to high levels of damping, or due to the small frequency ranges in which it occurs. Therefore, this research is focused on long-term periodic response, especially the stable $ subharmonic response, because long-term periodic response often occurs in practical situations for reasonable levels of damping, and within large frequency ranges. Furthermore, the control of long-term chaotic response, based on the method of Ott et al. [3] , can only be applied when the system state is sufficiently close to the unstable harmonic response.
In case of chaotic behavior, this condition will be satisfied within a system-dependent time span. However, in case of long-term periodic response, this condition will not be satisfied, so active control based on feedback linearization [4] will be used to drive the system state close to the unstable harmonic response, within a time span that is related to the available control effort.
A two-stage control strategy is applied to a 1-DOF model of a beam with one-sided spring, that can be related to suspension bridges. In the first stage, the system state is controlled from a long-term stable 4 subharmonic response towards the unstable harmonic response, as close as necessary for the approximation of the stable manifold to be valid. In the second stage, the system state is controlled towards the approximation of the stable manifold, that is represented by the stable eigenvectors of the monodromy matrix. The overall control effort can be kept small, because at the stable mapifold the system state evolves towards the unstable harmonic response without control effort.
The controlled 1-DOF beam with one-sided spring, see 
with c1 = 0.98 the subject of section (4).
[kgm]. The control force U will be The accuracy in which the stable manifold is approximated by the stable eigenvectors, is both frequency and time dependent. The frequency dependency is shown in Fig. 2 ; especially the angled shape of the stable manifold at 37 Hz can limit the applicability of the stable eigenvectors as an approximation for the stable manifold. The usage of the stable eigenvectors at the resonahce frequency of 33.7 Hz, is restricted to such a small region around the unstable harmonic response, that this frequency is omitted in the example. The time dependency results in a varying region around the unstable harmonic response within the excitation period, in which the stable manifold can be approximated accurately by the stable eigenvectors. This region remains, on average, above the level 7; see section (4).
Control Based on Feedback Linearization
The control used for stabilizing the unstable harmonic response, is based on feedback linearization [4], and is composed of a part that compensates the existing b e havior, and a part that achieves the desired behavior. Based on the 1-DOF model of equation (l), the compensation of the existing behavior is effectuated by:
The desired behavior qd is achieved with:
where the values for KD 2 0 and K p 2 0 can be chosen using linear design techniques such as pole placement, or linear quadratic optimization. Feedback lineariza-$ion results in the following error equation: (10) becomes smaller than 20%, or 7 = 0.2. In the Poincar4 maps of Fig. 3 , it can be seen that after switching, the system state belonging to case l , represented by the 0-symbols, is on the stable eigenvectors, while the system state belonging to case 2, represented by the +-symbols, continues its orbit ignoring the presence of the stable manifold completely. The differences between the two cases, afcontrol effort reduction at 37 Hz, because the region where the stable eigenvectors approximate the stable manifold accurately, is larger at 37 Hz than at 30 Hz.
It can also be seen in the time series of Fig. 3 , that the control effort after switching reduces to a low value, because motions almost perpendicular to the direction of the flow of the system state need little control effort.
Conclusions
The two-stage control can be successful in reducing overall control effort when stabilizing the unstable harmonic reaponse of a harmonically excited 1-DOF beam with one-sided spring. The overall control effort reduction depends on the region where the stable manifold can be apprcadmated accurately by the stable eigenvectors of the monodromy matrix. The control ef€ort needed to force the system state within this region, in
